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Abstract 

We give a new characterization of character-automorphic Hardy 
spaces of order 2 and of their contractive multiphers in terms of de 
Branges Rovnyak spaces. Keys tools in our arguments are analytic ex- 
tension and a factorization result for matrix- valued analytic functions 
due to Leech. 
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1 Introduction 

Let r be a Fuchsian group of Mobius transformations of the unit disk D = 
{z & C ; \z\ < 1} onto itself. For 1 ^ p ^ oo and for any character a of F, 
we consider the spaces 

n^ = {fen, I /o7 = a(7)/, V7GF}. 

These spaces are called character-automorphic Hardy spaces. A characteri- 
zation of such spaces in terms of Poincare theta series may be found in |15j . 
[18] . |13j . [9]. In particular, Pommerenke showed in [15] that the series 

/(^) = ^ E^^(7W)M7W)^ (1.1) 
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defines a bounded linear operator from tlie classical Hardy space Tip (115) into 
the subspace TCp(B)). 

In the present paper we restrict ourselves to the case p = 2. We first give a 
characterization of the character-automorphic Hardy space Tig (D) in terms 
of an associated de Branges Rovnyak space of functions analytic in the open 
unit disk; see Theorem I3.2[ We also characterize the contractive multipli- 
ers between Tig "(115) and Tig (D), where a and (3 two given characters; see 
Theorem 14.21 Our method is mainly based on analytic extension of positive 
kernels and factorization results from Nevanlinna-Pick interpolation theory. 

2 A review on character-automorphic Hardy 
spaces 

2.1 Fuchsian groups and automorphic functions 

Let G be a group of linear transformations, T(z) = ad — bc= 1, in the 

complex plane and let l denotes the identity transformation. Two points z 
and z' in C are said to be congruent with respect to G, if z' = T{z) for some 
T E G and T ^ i. Two regions R,R'gC are said to be G-congruent or 
G-equivalent if there exists a transformation T ^ i which sends R to R'. A 
region R which does not contain any two G-congruent points and such that 
the neighborhood of any point on the boundary contains G-congruent points 
of R is called a fundamental region for G. A properly discontinuous group 
is a group G having a fundamental region |10j. This amounts to saying that 
the identity transformation is isolated. 

Definition 2.1 A Fuchsian group is a properly discontinuous group each of 
whose transformation maps D, T and C\D onto themselves. 

A Fuchsian group F is said to be of convergence type (see e.g. [15]) if 



Then, the Green's function jT5j of F with respect to a point ^ G D is defined 
as the Blaschke product 



5^ (1 - |7(^)r) = (1 - \z\') J2 l7 (^)l < oo zeB. 




= n 



7(0-^ |7(0I 



(2.2) 



7er 



1-7(0^ 7(0 ■ 
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It satisfies 

bM^))=fx^{^Mz), Vv^er, (2.3) 

where /i^ is the character of F associated with b^{z). A function satisfying the 
relation fl2.3p is said to be character- automorphic with respect to F while a 
F-periodic function, as for example = \b^{{p{z))\, is called automorphic 

with respect to F. 

2.2 Spaces of character-automorphic functions 

We now briefly mention the main properties pertaining to spaces of character- 
automorphic functions. The materials presented here are essentially bor- 
rowed from [15j and [I9j (see also [HI [IE])- Let F be the dual group of F, 
i.e. the group of (unimodular) characters. For an arbitrary character a G F, 
associate the subspaces of the classical space L2(T) 

^2 ={/eL2|/o7 = a(7)/, V7GF} 

H^(D)=L^f|7i2(0) 

Let F be a Fuchsian group without elliptic and parabolic element. We say 
that F is of Widom type if, and only if, the derivative of &o(^) is of bounded 
characteristic. In this case, Widom [20] has shown that the space is not 
trivial for any character a G F and we have 

Theorem 2.2 (Pommerenke |15] ) Let F be of Widom type and let 6{z) 
be the inner factor of bQ{z). If a is any character of F and if h{z) is in 
7ip(D), 1 ^ p ^ oo, then the function defined by (11.11) is in TY^ (D) and 

\\f\\p^\\h\\p, f{o) = e{o)h{o). 

The Poincare series [H] in (II. ip thus defines, in particular, a projection: 
P° : 9n2{B) H^iB). An important property of the space H^(D) that 
we will need is that, point evaluation / i— >• f{^),^ e © is a bounded linear 
functional. The space therefore admits a reproducing kernel k°': 

(/(^),r(z,0)H?(D) = /(O, e e D for all / G H^iB) 

with A;"(z,0 e 7^2 (©)> V^G© 

Since H^(D) ^ {const}, we have k"{^,^) = ||A;°(-, OIIw-(d) > for every 
,^ G ©. In the sequel, the Green's function 6o(^) with respect to 0, will be 
denoted by b{z) for short. 
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Let r be a group of Widom type and let E be associatecll] to it in such 
a way that C\E be equivalent to the Riemann surface D/F, obtained by 
identifying F-congruent points. Then, there exists a universal covering map 
3 : © ^ C\E ^ D/F such that 

• 3 maps D conformally onto C\-E', 

• 3 is automorphic with respect to F: 307 = 3, V7GF 

• and 3(2:1) = 3(2:2) ^ 37 G F I 2:1 = 7(22) 

In particular, 3 maps one-to-one the normal fundamental domain of F with 
respect to the origin, 

= {z eB : \y{z)\ <1 for all 7 e F,7 ^ 6} (2.4) 

conformally onto some sub-domain of C\E. We assume that 3 is normalized 
so that (3&)(0) is real and positive. In all the sequel, the character associated 
to the Green's function b{z) will be denoted by /x. The starting point of the 
next section is the following result: 

Lemma 2.3 ([12j) The reproducing kernel for the space 0.2(0) has the form 

^!jMA;"(c^,0)*-f^^VA:-(z,0) 

= i(z)-i{.r P-'' 

where 

= i(2iM > 0. (2.6) 

3 An associated de Branges-Rovnyak space 

In this section we give a characterization of the space 7^2 (D) in terms of an 
associated de Branges Rovnyak space. To begin, let 

Q+ = {z eB;lm 3(2) > 0}. 



^See 121] for an example of a construction of a group T associated with a finite union 
of disjoint arcs of the unit circle. 
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Setting 





(3.1) 



where Saiz) = B"(z)/A°'(z) and a{z) = ji^^^- We note that the functions 
A°'{z) and B°'{z) are character-automorphic with the same character a while 
Sa and a are automorphic functions. From now on, the notation f^iz) will 
means that the function f^iz) is character-automorphic with the superscript 
z/ G r being the associated character, and the notation fu{z) will stand for a 
function depending on the character u (automorphic or not). 

Proposition 3.1 There exists a Schur function such that Sa{z) = J^a{^{z))- 

Proof: Since the kernel k°'{z, u) is positive in D, and hence in it is clear 
that ^7^"^,^}^?^^] is also positive in Now, observe that the function a 

l—a{z)a{w)* ^ ' 

maps fi+ n JF into some subset Ac© and this mapping is one-to-one. Let 
<^ be given by: (?" o a){z) = z,Wz E fl JF (in particular this will also hold 
for any region congruent to f2+ fl JF) and let the function be defined on 
A by: 



is positive on A. Now, this implies (see for instance [U Theorem 2.6.5]) 
the existence of a unique extension of ^5^0, (A), analytic and contractive in all 
D. We subsequently call ^q-(A) this extension, and denote by 7Y(=5^q,) the 
reproducing kernel Hilbert space with reproducing kernel 



^a(A) = (^.o^)(A),VAG A. 



Then it comes that the kernel 



1 - \fi* 



1 - ygW^M* 

1 - A/i* 
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By construction, the equality 

holds for all z G f2+ fl JF. Since Sa{z) is analytic in D, it must also hold for 
all D. □ 



In connection with the previous proposition and the next theorem, we recall 
that reproducing kernel Hilbert spaces 7i(=5^) of functions analytic in the 
open unit disk and with a reproducing kernel of the form 

1-^(A)^(^)* 
1 - A/i* 

were introduced and studied by de Branges and Rovnyak; see [5], Appendix], 
We also refer the reader to [8| and [Jj for more information on these and 
on related spaces. 

Theorem 3.2 The character- automorphic Hardy space T-C^i^) can be de- 
scribed as 

nm = ^F{z) = j^^fH^)) ; / e (3.2) 

with the norm 

\\F\\n^(n) = \\f\\n{.yc)- 

Proof: Recall that the map which to F G Tig (1^) associates its restriction 
F\q^ to is an isometry from Tig (D) onto the reproducing kernel Hilbert 
space with reproducing A;" (2;, a;) defined by fl2.5p . where z,u! are now re- 
stricted to We denote this last space by Tig (D) By Proposition 

13.11 and using (13.11) we see that the operator of multiplication by I'^iji^Jj is 
an isometry from the reproducing kernel Hilbert space Ti with reproducing 

l-y^{a{z))y^{a{wy 
1 — (r{z)(r{w)* 

onto Tig (ID)) I . Furthermore, the composition map by a is an isometry from 
the de Branges Rovnyak space Tii^S^a) onto Ti. We have that 

n = {foa- /GTi(^„)}, 
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Thus the restrictions of the elements of 7^2 (D) to f2+ are of the form as in 
fl3.2p for z restricted to By analytic extension, the elements of 7^2 (®) 



A Schur function is a function analytic and contractive in the open unit disk. 
Equivalently, it is a function s such that the operator of multiplication by s is 
a contraction from the classical Hardy of the open unit disk into itself. This 
last definition is our starting point to define character-automorphic Schur 
multipliers. 

Definition 4.1 A character-automorphic function s^{z), with character (5, 
will he called a Schur multiplier if the operator of multiplication by s^{z) is 

a contraction from ^^"(ID)) into Tig (D). 

Equivalently, the character-automorphic function s^{z) is a Schur multiplier 
if and only if the kernel 



is positive in D. The kernel Kgp{z,w) is in particular positive in and 
we will consider it in We note that in view of [H Lemma 2, p. 142], [U 
Theorem 1.1.4, p. 10], the positivity of the analytic kernel Kgp on f2+ implies 
its positivity on D. 

Theorem 4.2 A character-automorphic function is a Schur multiplier if 
and only if there exists a C'^^^-matrix valued Schur function E(z) such that 



have the same form in the whole of D. 



□ 



4 Schur multipliers 



K^^,{z,w) = k''{z,w) - s^{z)s^{wyk^''{z,w) 



(4.1) 





A^jz) Si2(a(^)) 

A^-{z)i-s-^^{z)i:22Hz)) 



(4.2) 



Sa{z) 



(4.3) 
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Proof: The positivity of the kernel fl4.1l) in is equivalent to the positivity 
in of the kernel 

Ky^iaiz),aiiu))-Tiz)TiujrKy_Jaiz),aiu;)), 

where _ 



As in the proof of Proposition I3.H we note that the function a maps fl JF 
into some subset Ac© and this mapping is one-to-one, and consider again 
the function <j defined by: (<j o a) {z) = z, \/z ^ fl JF. The kernel 

ir.^JA,/i) -T(,(A))T(,(/i))*ir^_JA,/x), (4.4) 

is positive in A. We now show that Tot; admits an analytic extension to D. 
To that purpose we consider the linear relation in TC{^a) x ^(-^a) spanned 
by the elements of the form 

It is densely defined and it is contractive because of the positivity of the 
kernel f l4.4p in A. It is therefore the graph of a densely defined contraction 
X. We note its extension to Ti^S^a) by X. For u; G A and / G 7i(t5^Q,) we 
have 



(X7)M = (X7,i^,r.(-,^)W. 



= (/,T(,M)*ir^_J-,.;))„(.^„) 
Let /o(A) = i^.y^^ (A, cuq) where ojq G D. We have 

It follows that T oq has an analytic extension to D, which we will denote by 
M. Thus the kernel 



K,yS\^^)-^Am{^^YKy.J\^^), (4.5) 



is analytic in A and /x* in D. Therefore it is still positive in D; see [3 Lemma 
2, p. 142], [4, Theorem 1.1.4, p. 10]. By Theorem 11.1, p. 61], a necessary 
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and sufficient condition for the kernel fl4.5l) to be positive is that there exists 
a C^^^-matrix valued Schur function S(A) such that 

The above mentioned result from [2] stems from rewriting the positive kernel 
f l431) as 

^(A)^(/i)* - ig(A)g(/i)* 
1 - A/x* 

where 

^(A) = (l ^(A)^^„(A)) 

i3(A) = (^JA) M{X)), 

and using a factorization result known as Leech's theorem, which insures the 
existence of a C^^ ^-valued Schur function S such that 

B{z) =Aiz)J:{z), 

from which (14.61) follows. 

This unpublished result of R.B. Leech has been proved using the commutant 
lifting theorem by M. Rosenblum; see flGl Theorem 2, p. 134] and [XT', Ex- 
ample 1, p. 107]. Further discussions and applications can also be found in 
[3]. It can also be proved using tangential Nevanlinna-Pick interpolation and 
Montel's theorem. 

Finally we replace in (14. 6 p A by a{z) where z G fi+ fl JF. We obtain the 
formulas in the statement of the theorem for z G ^7+ fl JF, and hence for 
z G D by analytic extension. □ 
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